We study the infrared (IR) structure of SU (3) × U (1) (QCD × QED) gauge theory with n f quarks and n l leptons within the framework of perturbation theory. We compute third order radiative corrections in QCD×QED to the inclusive production of a pair of leptons or single W/Z in Drell-Yan process and of a Higgs boson in bottom quark annihilation, both in Large Hadron Collider (LHC) in the threshold limit to unravel the IR structure of the underlying gauge theory. This requires the knowledge of the form factors, soft gluon contributions and Altarelli-Parisi kernels. Explicit computation of the relevant form factors to third order and the use Sudakov's K+G equation demonstrate the universality of the cusp anomalous dimensions (A I , I = q, b). The abelianization rules that relate A I of QCD with those from QED and QCD-QED can be used to predict the soft distribution that results from the soft gluon emission suprocesses in the threshold limit. Using the later and the third order form 0, we can obtain the collinear anomalous dimensions (B I ) and the renormalisation constant Z b to third order in perturbation 0. The form factors, the process independent soft distribution functions can be used to predict fixed and 0 inclusive cross sections to third order in couplings and in leading logarithmic approximation respectively.
Introduction
Precision studies at the Large Hadron Collider (LHC) is one of the thrust areas in particle physics. LHC has enormous potential [1] to unravel the details of the standard model (SM) and also to discover new physics. This is possible due to large center of mass energy and high design luminosity options [2] . The discovery of the Higgs boson [3, 4] at the LHC and the ongoing studies to understand the nature of the Higgs bosons and its couplings to the other SM particles provide opportunities to probe the SM in great detail [5] . In addition, both ATLAS and CMS collaborations have been engaged in plenty of high precision measurements of variety of 0 in the scattering reactions. These include measurement of production cross sections of lepton pairs and vector bosons in Drell-Yan process, pair of top quarks, Higgs bosons, jets etc. These can be used to constrain parameters of beyond the SM (BSM) as well. In general, theoretical predictions based on precise computations within the SM scenarios can be compared against the data from various 0 to look for tiny deviations that could hint for BSM. For example, the mass of the W boson at the lowest order in 0 theory can be predicted in terms of mass of the Z boson, fine structure and Fermi constants. Radiative corrections from the SM alter the predictions and are sensitive to parameters of the SM as well as heavy states from BSM. While leading order process is often electroweak, radiative corrections from 0 chromodynamics (QCD) dominate over those from the electro weak (EW ) theory and they improve the predictions significantly. Efforts are also underway to include higher order corrections from EW. In addition, the predictions are found to be sensitive to parton distributions of down type quarks which leave large theoretical 0. Hence, the on-going precise measurements of W boson mass by ATLAS and CMS through Drell-Yan process are absolutely necessary to confirm the consistency of the SM and also to set 0 on the parameters of the BSMs. Similarly, understanding the physics of top quarks provide opportunities to probe new physics. Observables related to top quark, being the heaviest particle in the SM, are expected to be sensitive to new physics. Hence, dedicated studies on the production cross sections of top quarks have been topic of interest ever since it was discovered at the Tevtaron. For the top quarks, since the leading order process is through strong interaction, there is a large theoretical uncertainty and hence higher order QCD corrections have been consistently included to 0 the theoretical predictions. LHC being the hadron machine, QCD plays an important role in all these studies. Often, the leading order predictions suffer large theoretical uncertaintities and hence, we witnessed plethora of works that include higher order QCD corrections to most of the observables that can be measured at the LHC. Needless to say that the state-of-the art computations not only provided most precise theoretical predictions for the observables at the collider experiments but also generated lot of interest among theorists to study the universal structure of the perturabtive series at high energies. Computations of the multi loop and multi leg scattering amplitudes and cross sections in QCD provide laboratory to unravel the underlying infrared dynamics in terms of universal anomalous dimensions.
The precision in the predictions from the dominant QCD corrections has reached the level that requires inclusion of corrections from the electroweak sector for the consistency. The fact that the square of the strong coupling constant (α 2 s ) is comparable to fine structure constant α 0 the inclusion of effects from quantum electrodynamics (QED). In addition, electroweak logarithms in the Sudakov regions need to be included for a consistent prediction at the LHC. In [6, 7] , predictions for the di-jet productions are improved by including electroweak corrections. One finds that the third order QCD effects for the inclusive production rate for the Higgs bosons at the LHC are comparable to those from the electroweak sector. Also, EW corrections play an important role in the W mass measurements through DY process. While there are already several important works in this direction, there is a surge of efforts now towards estimating these corrections for the scattering processes at the LHC. Note that the next to leading order electro weak corrections to Drell-Yan process was computed in [8] [9] [10] [11] [12] . Similarly, for the Higgs boson production, the dominant two loop effects from EW sector [13] plays important role in the theoretical predictions.
Unlike QCD, electroweak sector contains several heavy particles which can make the computations technically challenging. The loop integrals as well as the phase space integrals involve massive particles making them hard to evaluate. However, the subset of radiative corrections from QED resemble those of QCD if lepton masses are set equal to zero, an approximation valid at high energies where the quarks are treated light in most of the perturbative QCD computations.
At hadron colliders, EW corrections affects the evolution of parton distribution functions as well as parton level cross sections. In [14, 15] , O(α s α) as well as O(α 2 ) corrections to the splitting function that govern the evolution of PDFs were obtained using the algorithm called abelianization which is incorporated in the determination of precise photon distributions in the proton within the LUXqed approach [16] [17] [18] . For the Drell-Yan process, there have been continuous effort to obtain NNLO EW corrections as NLO EW corrections for both charged [8] [9] [10] as well as neutral [11, 12] currents are known for a while. For example, works towards NNLO EW corrections can be found in [19] [20] [21] . Mixed QCD and EW/QED effects are known in the pole approximation [22, 23] . In [24, 25] , master integrals for double real as well as two virtual 0 relevant for two loop QCD-EW were computed to obtain predictions for W production at NNLO level in QCD-EW couplings. In [26] , pure QED as well as QCD-QED corrections at O(α 2 ) and O(α s α) respectively for Drell-Yan process were obtained using abelianization to study the phenomenological importance of QED effects at LHC energies. For earlier work on this can be found in [27] . NNLO QED as well as QCD-QED corrections to Higgs production in bottom quark annihilation were obtained [28] to estimate the impact of QED radiative corrections. More recently, NNLO EW-QCD effects to single vector boson production were reported in [29, 30] .
These results which point to the relevance of electroweak corrections to the LHC observables provide the 0 to understand the underlying infrared structure of U (1) gauge theory with massless fermions. The infrared structure of amplitudes with mixed gauge groups at two loops was reported in [31] . In [14, 15, 26] , abelianizations provide a useful tool to obtain NLO QED effects for the splitting functions of parton distribution functions and NNLO QED corrections to inclusive cross section for the Drell-Yan process. One finds that the abelianization can be used to relate ultraviolate and infrared anomalous dimensions of QCD with those of QED. In [28] , explicit computation of form factors of vector and scalar operators in QED and QCD-QED set up to second order in perturbation theory demonstrates the usefulness of abelianization. In addition, the results on inclusive cross sections for DY process, such as di-lepton or W/Z productions and also for Higgs production in bottom quark annihilation support this procedure of abelianization up to NNLO level in QED as well as in QCD-QED. Hence, it is tempting to apply the abelianization to obtain results beyond two loops and also beyond NNLO level for QED and QCD-QED for di-lepton or W/Z production in light quark annihilation and for the Higgs boson production in bottom quark annihilation. In this paper, we perform this 0 at three loop level in QED and QCD-QED to find out the scope of abelianization. In addition, the explicit computations at three loop level provide valuable informations on the universality of cusp, collinear and soft anomalous dimensions up to third order in couplings both in QED as well as QCD-QED. We use Sudakov's K plus G (K+G) equation to study the infrared structure of the three loop form factors and the validity of abelianization. We derive the third order corrections in QED and QCD-QED to soft distribution function resulting from those parton level subprocesses where atleast one real soft gluon is present. Using these form factors and the soft distribution functions and exploiting the 0 property of the inclusive Drell-Yan production, we obtain the infrared safe parton level soft plus virtual contributions to third in QED and QCD-QED. We also derive the 0 threshold enhanced contribution the inclusive DY production up to next to next to next to leading logarithmic N 3 LL approximation.
Theoretical framework
We work with the gauge theory which is invariant under the gauge group SU (N ) × U (1). The gauge group SU (3) corresponds to QCD which describes the strong interaction while U (1) (QED) describes the electromagnetic interaction. We use the standard perturbation theory to compute various quantities in this theory in powers of coupling constants defined by a s = g 2 s /16π 2 and a e = e 2 /16π 2 where g s and e are strong and electromagnetic coupling constants respectively. Since we are interested in quantities in the high energy limit, both the quarks and leptons are treated massless throughout. We use dimensional regularisation to perform higher order computations and M S to renormalise the fields and the couplings in this theory. In dimensional regularisation the space time dimension is taken to be d = 4 + ε. The field as well as coupling constant 0 constants contain poles in ε in the vicinity of d = 4 space time dimensions due to ultraviolet (UV) divergences. Higher order radiative corrections are often sensitive to soft divergences due to massless gluons of SU (N ) and massless photons of U (1) and also to collinear divergences due to the presence of (almost) massless quarks and leptons. These are called infrared (IR) divergences and they also show up as poles in ε in dimensional regularisation.
We begin with the renormalisation of the coupling constants when both the interactions are simultaneously present. Let us denote the renormalisation 0 Z ac , c = s, e for the QCD and QED coupling constants respectively. Then the unrenormalised coupling constantŝ a c , c = s, e will be related to the renormalised ones through Z ac aŝ
where a c = {a s , a e }. Here, S ε ≡ exp[(γ E − ln 4π) ε 2 ] is the phase-space factor in ddimensions, γ E = 0.5772... is the Euler-Mascheroni constant and µ is an arbitrary mass scale introduced to makeâ s andâ e dimensionless in d-dimensions and µ R is the renormalisation scale. The fact that bare coupling constantsâ c is independent of the renormalisation scale µ R results in renormalisation group 0 for the couplings a c (µ 2 R ):
In the perturbation theory with both the interactions active, the beta functions β ac can be expanded in powers of a s as well as a e :
In the above expansion, for β as , at every order in a s , there are QED contributions in powers of a e starting from a 0 e to all orders in a e and similarly for QED beta function, at every order in a e , there will be all order contributions from QCD starting with order a 0 s . Note that there will be no pure QED (QCD) contributions to Z as (Z ae ). The absence of pure QED contributions to QCD beta function and vice versa can be understood as follows. If we use the Green's function for the triple or four gluons to compute the renormalisation constant Z as , the leading order starts at a s or a 2 s and hence the QED contributions to Z as will always be proportional to a s or a 2 s . For the QED beta functions, the Ward identity that vector current satisfies demands that the renormalisation constant Z 1e for eψγ µ ψA µ in the Lagrangian and the wave function 0 constant for the fermions, Z 2 , are identical to all orders in perturbation theory. This implies that the renormalisation constant for the photon field, Z 3γ , fully determines the Z ae given by Z ae = Z 1e /(Z 2 Z 3γ ). The fact that Z ae starts at order a e implies that the QCD corrections to Z ae will be always proportional to a e .
Substituting We have used the symbol · · · to denote the missing higher order terms of the order a i s a j e , i + j > 3 throughout. While, these constants are sufficient to obtain UV finite observables, the UV divergences resulting from composite operators in the theory beyond leading order require additional overall renormalisation constants. These constants are expanded in power series expansions of both a s as well as a e . Similarly, if the fields of QCD and QED couple to external fields, then the corresponding couplings are renormalised by separate 0 constants. One such example that we need to study in the present paper is Yukawa coupling that describes the coupling of a Higgs boson with the bottom quarks in this theory. If we denote the bare Yukawa coupling byλ b , then the corresponding renormalisation constant Z b λ relates this to the renormalised one λ b bŷ
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where a c = {a s , a e }. The 0 constant Z b λ (a s , a e ) satisfies the 0 group equation:
whose solution in terms of the anomalous dimensions γ
and β ij , β ij up to three loops is found to be
Note that while the UV singularities factorize through Z b λ , singularities from QCD and QED mix from two loops onwards.
Having expanded the renormalisation constants of a s , a e and λ b in powers of a s and a e , our next task is to determine the constants β ij , β ij that appear in Z ac , c = s, e as well as γ
up to three loops in QED and QCD-QED. The text book approach to this is to compute relevant loop corrections to the truncated n-point off-shell Green's functions of the fermions and gauge fields in the 0 theory. Alternatively [32, 33] , one can determine them by studying the on-shell form factors of certain local/composite operators in the theory. For example, computing the form factors of vector as well as scalar operators made up of fermionic fields up to three loops in QCD×QED, and exploiting their universal infrared structure using Sudakov's K+G equation, we demonstrate how we can obtain most of these constants to the desired accuracy. In the process, we confirm some of the results for these constants which are already known in the literature. For QCD, β i0 and γ (i,0) b are known to four loops [34] . In the following, we elaborate on how we determine them and also discuss the reliability of abelianization at three loop level.
Form factors
In quantum field theory, form factor (FF) of a composite operator is defined by its matrix element between on-shell states. Given a composite operator O(x), the form factor in the Fourier space is found to be
(2.8)
We restrict ourselves to two composite operators namely
The corresponding form factors are denoted by F q and F b respectively. F q contributes to dilepton or W/Z production and F b contrutes to production of Higgs bosons in bottom quark annihilation. In the eqn.(2.8), ψ is the fermion field and the states |p i , i = 1, 2 are onshell fermionic states with momenta p i . We begin with the bare form factorsF I (Q 2 , µ 2 , ε) where I = q, b and the invariant scale is defined by Q 2 = (p 1 − p 2 ) 2 . They are calculable in perturbation theory in powers of a s and a e using dimensional regularisation. Both QCD as well as QED interactions are taken into account simultaneously. Beyond the leading order in perturbation theory, the FFs contain both UV, soft and collinear divergences. UV divergences are removed by coupling constants as well as overall renormalisation constant namely Z ac , c = s, e and Z b λ respectively. The soft divergences arise due to massless gauge bosons and the collinear ones are due to massless fermions. Explicit computation of the form factors shows that the IR singularities, resulting from QCD and QED interactions factorize. In particular, they can be factored out using a universal IR counter term denoted by Z IR (a s , a e , Q 2 , µ 2 R ) and hence we can writeF I in dimensional 0 aŝ 
Following, [32, 33] we solve Sudakov K+G equation (eq.(2.11)) order by order in perturbation theory. The radiative corrections resulting from QCD and QED interactions can not be factored out independently. In other words, if we factorize IR singularities from the FFs, neither the IR singular function Z IR nor the finite FF,F f in I , can be written as a product of pure QCD and pure QED contributions. More specifically, there will be terms proportional to a i s a j e , where i, j > 0, which will not allow factorization of QCD and QED contributions for both Z IR andF f in I . One finds that the constants K I will have IR poles in ε from pure QED and pure QCD in every order in perturbation theory and in addition, from QCD-QED starting from O(a s a e ). The constants G I s are IR finite and they get contributions from both QCD as well as QED and they mix beyond leading order in perturbation theory. Since, the IR singularities of FFs have dipole structure, K I will be independent of Q 2 while G I s will be finite in ε → 0 and also contain only logarithms in Q 2 . The fact thatF I are 0 group (RG) invariant implies the sum K I + G I is also RG invariant. This implies
where A I are the cusp anomalous dimensions. Since the FFs are dependent on both the couplings a s as well as a e , the A I also depend on them. The solutions to the above RG equations for K I can be obtained by expanding the cusp anomalous dimensions (A I ) in powers of renormalized coupling constants a s (µ 2 R ) and a e (µ 2 R ) as
and K I as
where A 
where the first term results from the boundary condition on each G I at µ 2 R = Q 2 . Again expanding A I in powers of a s and a e and using RG equations for QCD and QED couplings, we obtain
The next step is to integrate Eq.(2.11) over Q 2 to obtain the solution to K+G equation for F I . For this, we substitute the solutions of K I and G I in the right hand side of Eq.(2.11) along with the expansion for G I (a s (Q 2 ), a e (Q 2 ), 1, ε) given by
We thus obtain,
where,
(2.20)
Our next task is to compute the FFs to third order in the couplings of QCD, QED and QCD-QED. The method of this computation is well documented in the literature [35, 36] and applied to several of the form factors [37] [38] [39] in QCD. Following [35, 36] , we computed } respectively. This way we can obtain all the cusp anomalous dimensions, beta function coefficients and G I (ε)s up to three loops. We find A
up to three loops in QCD,QED and QCD-QED demonstrating the universal nature of these constants. However, we find that the constants G I (ε)s depend on the type of form factors. The constants A (i,j) I thus extracted are listed in the Appendix C.1. The βs (see [40] for the leading order ones) are given by
(2.21)
Here, C A = N is the adjoint Casimir of SU (N ) and the fundamental Casimir is C F = (N 2 − 1)/2N , T F = 1/2 and n f (n l ) is the number of active quark flavors (leptons). The electric charge of quark q is denoted by e q while e l refers to the electric charge of the lepton l.
Having obtained the cusp anomalous dimensions to three loops, we can investigate whether they can be related by suitable transformations on the QCD color and QED charge factors. At two loops in QCD, A (2,0) I gets contribution from diagrams with two types of color factors, namely (C 2 F − C F C A /2) and C F n f T F while in QED, for A (0,2) I , these diagrams will have same charge factor e 4 q and in QCD-QED, A
(1,1) I will get contributions from diagrams with N q e 2 q . Using these, certain abelianization rules valid up to second order were found in [28] (see section C). They rules were found to be 0 to this order. The reason behind this unambiguous determination of the abelianization rules is due to the fact that the closed fermions loop diagrams are absent in QCD-QED case while for the pure QED case there exists a one-to-one mapping from QCD to QED. To illustrate this point let us look at the following diagrams which help to understand the required transformations on the color and charge factors in all the three cases. It can be easily seen that due to the trace-less property of the Gell-Mann matrices the above loop configuration for the QCD-QED case does not exist whereas for the QED case it accounts for the sum over charges of the quarks and leptons. Similarly from the other topologies it can be seen that there exists an unambiguous mapping from QCD to QED and QCD-QED, which further helps in the predictability of the QED as well as QCD-QED results from the pure QCD. However at the three loop there exists a larger set of color basis, namely C 3
F n f and C F n 2 f which resulting from larger set of topologies. We find that some of the topologies, which mainly come from the closed fermion loop configurations lack the aforementioned one-to-one mapping from QCD to QED and to QCD-QED. In the following we show some of the configurations which demonstrate the ambiguous transformations. Table 1 : Flavour and charge distributions for some pure QCD, pure QED and QCD-QED loop configurations. Color factors are obtained for the bb channel after conjugating with born amplitude upto an overall 1 N factor.
In the above Table [1] , we have given those three loop diagrams from QCD, QED and QCD-QED where it can be easily seen that the color factors of QCD do not have oneto-one correspondence with the charge and color-charge factors of QED and QCD-QED respectively. Note that the color factor C 2 F n f T F from QCD does not have unambiguous relation to the charge and color-charge factors of QED and QCD-QED respectively.
Following the above observation we present a general set of rules that relate form factors, cusp, collinear, soft and UV anomalous dimensions from QCD, QED and QCD-QED in Table [2] . For the cusp and soft distribution function we find that a = c and b = d = 0. However, for collinear anomalous dimension, a = c and b = d. For the UV anomalous dimension γ b , there is no simple relation among these constants. We elaborate these observations in the subsequent paragraphs from the explicit computations of the FF in QCD, QCD-QED and QED framework.
At three loop in QCD, the cusp anomalous dimension A (3,0) I is expressed in terms of four different color factors, namely C F C 2 A , C F (C F − C A /2)n f , C 2 F n f and C F n 2 f . For QED and QCD-QED at three loops the color factors C F C 2 A and C F n 2 f are absent. The QCD diagrams that give color factors C F (C F − C A /2)n f and C 2 F nf come from two loop corrected gluon self energy insertion and from non-planar gluon exchanges between external lines with one loop gluon self energy insertion. We find from the our explicit computation, these diagrams do not contribute to A . Hence, it is straightforward to find appropriate abelianization rules for these two color factors which correctly relate QCD, QED and QCD-QED results for A I at three loops. Table 2 : Color transformation obtained from form factor result at different orders. Here {a, b, c, d} coefficients for the corresponding color factor depends on the amplitude of the relevant topologies. The index q is summed over all the quark charges and index l is summed over all the lepton charges. Moreover index I = q, b corresponding to Drell-Yan pair production and Higgs production in bottom quark annihilation.
Our next task is to investigate the structure of the constants G (i,j) I (ε) following the observation made in [41] for the G with g 0 I,10 = 0 , g 0 I,01 = 0 , g 0 I,11 = 0 , g 0 I,20 = −2β 00 g 1 I,10 , g 0 I,02 = −2β 00 g 1 I,01 , g 0 I,30 = −2 β 10 g 1 I,10 + β 00 2β 00 g 2 I,10 + g 1 I,20
, g 0 I,21 = −2β 01 g 1 I,10 − β 00 g 1 I,11 , g 0 I,03 = −2 β 01 g 1 I,01 + β 00 2β 00 g 2 I,01 + g 1
I,02
, g 0 I,12 = −2β 10 g 1 I,01 − β 00 g 1 I,11 . (2.23)
It was found in the context of QCD up to three loops and of QED and QCD-QED up to two loops that the constants B I , f I depend only on the type of external states, not on the operator. In other words, the constants B q (f q ) and B b (f b ) extracted from F q and F b respectively were found to be the same and similarly B g s (f g s) extracted from G a µν G µνa and G a µνG µνa were also same (see [37, 42] ). Hence, we expect that B
in QED as well as in QCD-QED. However, the anomalous dimensions for γ b and γ q will be different because they 1 from the UV sector. Since O q is a conserved operator, γ q is identically zero to all orders in both a s and a e and this is not the case for γ b which gets contribution from a s as well as a e in the perturbative expansion. Using the fact that B I and f I are operator independent and that γ q = 0 to all orders, we can obtain γ b up to three loops in QCD, QED and in QCD-QED by computing G b (ε) − G q (ε). Thus we obtain γ
for i = 1, 2, 3 from pure QCD , QED and γ
from QCD-QED and they are listed in the Appendix D.1. Substituting these anomalous dimensions in Eq.(2.7), we obtain Z b λ to third order in the couplings.
Soft distribution function
In the following, we show how we can determine collinear and soft anomalous dimensions from the soft distribution function. Unlike A . The process independent part of soft gluon/photon contributions in the real emission sub-processes can be obtained following the method described in [32, 33] , where it was demonstrated up to three loops in QCD, the soft distribution function for the inclusive cross section for producing a colorless state can be computed using the form factors and partonic subprocess cross sections involving real emissions of gluons. For the QED and QCD-QED we use the respective form factors and the inclusive cross sections involving photons as well as gluons that contribute in the soft limit. In the case of QCD, the soft distribution functions denoted by Φ I were found to be dependent on cusp (A I ) and soft (f I ) anomalous dimensions, where I = q, b, g. Up to three loops in QCD, one finds Φ b = Φ q = C F /C A Φ g [32, 33, 43] . Using the partonic sub-processes of either DY process (σ) or the Higgs boson production in bottom quark annihilation (σ bb ) normalized by the square of the bare form factorF q orF b , we can obtain Φ I , i = q, b. Φ I s are found to be functions of the scaling variable z = q 2 /s and q 2 is invariant mass square of the lepton pair for the DY and q 2 = m 2 h for the Higgs production. Note that Q 2 0 in the form factors is related to q 2 by Q 2 = −q 2 . We write,
where Z q = 1 for the O q as γ q = 0 and Z b λ can be obtained using Eq.(2.7) in terms of γ
known up to three loops in QCD, QED and QCD-QED. The symbol C refers to "ordered exponential" which has the following expansion:
(2.25)
Here ⊗ denotes the Mellin convolution and f (z) is a distribution of the kind δ(1 − z) and D i . The plus distribution D i is defined as,
(2.26)
In [28] , we computed the UV finiteσ II up to next to next to leading order in QCD, QED and QCD-QED. Using the two loop corrected bare form factorsF I and the overall renormalisation constant Z b λ , we obtained Φ I up to second order in a s from QCD, in a e from QED and in a s a e from QCD-QED. We found in [28] that the soft distribution functions extracted from two different processes satisfied a remarkable relation, namely Φ q = Φ b up to second order in both the couplings a s and a e demonstrating the universality among QCD, QED and QCD-QED results. It was found in [43] that this relation holds even at three loops in QCD. Hence, we propose that this relation continues to hold true up to three loops in QED and QCD-QED. Our next task is to predict Φ q (equivalently Φ b ) to third order in QED and QCD-QED. Following [32, 33, 43] we express the soft distribution function Φ I in terms of cusp (A I ) and soft (f I ) anomalous dimensions order by order in perturbation theory. The abelianization rules that hold at third order level for the cusp anomalous dimensions can be used use to predict the third order soft (f I ) anomalous dimensions to third order in QED as well as in QCD-QED from the third order QCD results of f I . We have listed them in the Appendix E.1.
In [32, 33] , the soft distribution function Φ I was shown to satisfy Sukakov K+G equation analogous to that of form factorF I thanks to universal IR structure of these quantities:
where, K contains all the IR singularities and the IR finite part is denoted by G. One finds that the invariance of Φ I renormalisation scale leads to
From the explicit results [43] computed to second order in QCD, QED and QCD-QED, we had shown that the anomalous dimension A I are identical to the cusp anomalous dimension that appears in the form factorsF I confirming the universality of IR structure of the 0 gauge theory(ies). In other words, A I are universal and they govern the evolution of both K I , G I and K I , G I . Following the method described in [32, 33] , we obtain
To obtain G 
(ε) can be expanded (following [32, 33] ) as 
Soft-Virtual and Resummed cross sections
The results obtained so far has two important applications for the phenomenological studies namely third order threshold predictions for DY (di-lepton or W/Z production) as well as for Higgs boson production in bottom quark annihilation in QED and QCD-QED and the their threshold enhanced resummed predictions in the Mellin space N .
We begin with the threshold predictions for DY and Higgs boson productions. Denoting them by ∆ SV I and following [32, 33] , we find
where Γ II = Γ II are Altarelli-Parisi (AP) kernels that are required to remove the mass singularities. The scale µ F is called 0 scale at which collinear singularities are removed from the partonic cross sections. In the above equation, we drop all the regular terms after the convolutions are performed to obtain only threshold contributions, often called soft plus virtual contributions (SV). In above equation for ∆ SV I , the soft and collinear singularities arising from gluons/photons/fermions in the virtual sub-processes are gaurenteed to cancel against those from the real sub-processes when all the degenerate states are summed up, thanks to the KLN theorem [44, 45] . The remaining initial state collinear singularities are removed by mass factorization mass factorization kernels, namely the AP kernels which satisfy renormalisation group equations
where P II (z, µ 2 F ) are AP splitting functions. In [14] , these splitting functions up to NNLO level, both in QED and QCD-QED, were obtained using the abelianization procedure. The splitting functions that we have obtained [43] by demanding finite-ness of the mass factorised cross section, agreed with those in [14] . One finds AP splitting functions can be expressed in terms of distribution and regular functions as follows:
Since we are interested only in threshold corrections to ∆ I , it is sufficient to drop P reg II in P II when computing ∆ SV I using Eq.(2.34). Hence, we need only A I and B I from P II to obtain Γ II . Using Z I , F I , Φ I and Γ II to third order in QCD,QED and QCD-QED, we can readily obtain ∆ SV I to third order. We expand ∆ SV I as
and present the results for ∆ SV,(i,j) I in the Appendix H.1 up to third order in QED and QCD-QED for I = q, b. Up to two loops, our results for SV agree with those obtained earlier [26, 28] and results at third order are our predictions using the 0 properties of the scattering cross section and the universal structure of the soft distribution function.
In the following we exploit these properties to systematically resum certain class of logarithms to all orders in perturbation theory. In QCD, it is well known that threshold logarithms of the kind D i (z) spoil the reliability of the fixed order perturbation theory when z = q 2 /ŝ is closer to threshold namely z → 1. These logarithms result from the soft distribution functions after the cancellation of soft and collinear singularities against those from the form factor and the AP (mass 0) kernels. These logarithms when convoluted with the appropriate parton distribution functions to compute the production cross sections at the hadronic level, can enhance the cross section provided the later also dominates. In other words, the interplay between perturbative (threshold logarithms) and non-perturbation (parton distribution functions) terms enhance the cross section at every order in perturbation theory questioning the truncation of the perturbative series. The resolution to this problem was provided in [46, 47] which proposed a systematic way of 0 the perturbative series through a procedure called threshold resummation. Working in Mellin space 0 by a complex variable N , one can resum the order one terms of the form a s β 0 log N or a e β 0 logN to all orders in perturbation theory. Following [32, 33] , it is straightforward to obtain z space result that is required to obtain resummed result in the Mellin space. In order to get the z space result, we write the soft distribution function Φ I as
where D I is related to G I given in eq.(2.31) through
Upto third order, they are listed in the Appendix G.1 The first term in the above expression is finite as ε → 0 while the second and third terms contain 0 that cancel against those from the form factor, overall renormalisation constant and the AP kernels. Substituting the eqn.(2.38) in eqn. (2.34) , and taking Mellin moment with respect to N , we obtain
where
where C I,0 gets contributions terms proportional to δ(1 − z) in the form factor and the soft distribution functions. All the µ R and µ F dependent logarithms in C 0 come from renormalisation constant and the AP kernels after the poles in ε cancel against the form factors and soft distribution functions.
Summary and Conclusions
In this paper, we have studied the infrared structure of a theory which is invariant under SU (3) × U (1) (QCD × QED) and with n f number of quarks and n l number of leptons with their respective anti-particles. We have treated all the quarks and leptons massless throughout. We considered two inclusive reactions at hadron colliders, namely production of a pair of leptons through quark anti-quark annihilation and production of a Higgs boson in bottom quark annihilation as theoretical laboratories. We used the parton model throughout. In the parton model, one factorises the hadron cross section into IR safe partonic cross sections and parton distribution functions. The former ones being computable order by order in perturbation theory, are expanded in double series expansion of the gauge couplings a s and a e of QCD and QED respectively to include radiative corrections. The computation of these corrections beyond leading order in perturbation theory provides ample opportunity to understand both UV and IR structure of the underlying gauge theory. In our case, the computation of IR safe partonic cross sections can help to understand the contributions from pure virtual and real Feynman diagrams and virtual-real diagrams both from QCD and QED. While UV divergences go away after including appropriate renormalisation constants, we are left with soft and collinear divergences in virtual and real subprocesses. In order to shed light on the IR structure, we have restricted ourselves to the computation where only soft and virtual contributions to the 0 subprocess are included in a IR safe way. In particular, we have computed those contributions that result from threshold region alone. This is obtained by appropriately combining entire pure virtual contributions with the soft part of the certain partonic subprocesses where atleast one real radiation is present and with the AP kernels computed in the threshold limit. Each part of the computation involves careful study of its IR structure. The form factors are shown to satisfy K+G equations up to third order in 0 theory. The renormalisation group invariance of the form factors can be used obtain the universal cusp anomalous dimensions A I of the underlying theory in powers of both a s and a e to third order. We find that the abelianization relations hold among the coefficients A (i,j) I at various orders in couplings irrespective of I. Assuming the universal structure of the single poles of the form factors, we determined for the first time the renormalisation constant for the Yukawa coupling at third order both in pure QED and QCD-QED. Using the abelianization rules obtained from the results of A (i,j) I , we have determined the constants f for QED and QCD-QED. Interestingly, we find that abelianization rules that we obtained at third order for A (i,j) I do not work for B I . Since we have explicitly computed the form factors up to third order, it is easy to find that certain color factors of the form factors at third order in QCD can come from different kinds of topologies while these topologies in pure QED and QCD-QED cases can give different charge and color-charge factors. In other words, there is no one to one mapping between color factors of form factors in QCD and charge or charge-color factors in QED or QCD-QED. However, these topologies do not contribute to A I allowing us to find 0 abelianization rules for them, however the UV renormalisation constants and collinear anomalous dimensions B I in QCD get contributions from them. Hence, we fail to find consistent abelianization rules for them. In summary, we have determined beta function coefficients, cusp and soft anomalous dimensions from the form factors computed to third order in QCD,QED and QCD-QED. We have predicted the soft distribution function Φ I by applying the abelianization rules on the corresponding ones in QCD and extracted collinear anomalous dimension B I from the explicit results of the form factors. Using these ingredients, we have computed the soft plus virtual cross section to third order and resummed cross section to N 3 LL accuracy in QED and QCD-QED.
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Appendix
A K (i,j) I s in the form factor
The constants K (i,j) I in the form factor are given by,
B Form Factor
The unrenormalized form factor (F I ) can be written as follows in the perturbative expansion of unrenormalized strong coupling constant (â s ) and unrenormalized fine structure constant (â e ) (B.1) I = q, b denotes the Drell-Yan pair production and the Higgs boson production in bottom quark annihilation, respectively. Here, N F,V corresponds to the charge weighted sum of the quark flavors [36] . The Coefficients F I i,j for i, j < 3 are given in paper [28] . The F q i,j for DY at third order are given by, Here we present the soft virtual cross-section ∆ (i,j) I defined in eq.(2.37) at the third order in the strong and electromagnetic coupling constants. The finite cross-section upto two loop is already available in appendix C of [28] . At the third order, ∆ (i,j) I takes the following form:
